Quantum transfer through a non-Markovian environment under frequent
  measurements and Zeno effect by Xu, Luting et al.
ar
X
iv
:1
40
1.
31
59
v4
  [
qu
an
t-p
h]
  1
4 A
ug
 20
14
Quantum transfer through a non-Markovian environment under frequent
measurements and Zeno effect
Luting Xu,1 Yunshan Cao,1 Xin-Qi Li,1, ∗ YiJing Yan,2 and Shmuel Gurvitz3, 4, †
1Department of Physics, Beijing Normal University, Beijing 100875, China
2Department of Chemistry, Hong Kong University of Science and Technology, Kowloon, Hong Kong
3Department of Particle Physics and Astrophysics,
Weizmann Institute of Science, Rehovot 76100, Israel
4 Beijing Computational Science Research Center, Beijing 100084, China
(Dated: February 2, 2018)
We study transitions of a particle between two wells, separated by a reservoir, under the condition
that the particle is not detected in the reservoir. Conventional quantum trajectory theory predicts
that such no-result continuous measurement would not affect these transitions. We demonstrate that
it holds only for Markovian reservoirs (infinite bandwidth Λ). In the case of finite Λ, the probability
of the particle’s interwell transition is a function of the ratio Λ/ν, where ν is the frequency of
measurements. This scaling tells us that in the limit ν → ∞, the measurement freezes the initial
state (the quantum Zeno effect), whereas for Λ → ∞ it does not affect the particle’s transition
across the reservoir. The scaling is proved analytically by deriving a simple formula, which displays
two regimes, with the Zeno effect and without the Zeno effect. It also supports a simple explanation
of the Zeno effect entirely in terms of the energy-time uncertainty relation, with no explicit use of
the projection postulate. Experimental tests of our predictions are discussed.
PACS numbers: 03.65.Ta,03.65.Xp,73.63.−b,73.40.Gk
It is well known that the unitary evolution of a quan-
tum system is interrupted by measurement, so the subse-
quent evolution of a system depends on the measurement
record. Frequent measurements with intervals ∆t are of
special interest. In the limit ∆t → 0, they freeze the
particle’s motion (the quantum Zeno effect). This result
is a consequence of the projection postulate applied to
sequential measurements.
The Zeno effect looks very surprising since it reveals
the dynamical impact of the projection postulate on
quantum motion. Instead, one can try to attribute the
Zeno effect to the influence of the measurement devices.
At first it seems as though this cannot be the case. In-
deed, due to the interaction with detectors, the system
acquires the energy∼ h¯/∆t, according to the energy-time
uncertainty relation. As such, it is natural to expect an
acceleration of the particle, instead of its freezing: the
anti-Zeno effect [1]. Nevertheless, as demonstrated in
this paper, the Zeno effect can be entirely attributed to
the energy-time uncertainty relation, without the explicit
use of the projection postulate. It would make the Zeno
effect much less surprising and in fact quite expectable.
The concept of continuous measurement is inherent in
the quantum trajectory (QT) approach (informational
evolution), which treats quantum motion based on the
results of intermediate measurements [2]. It is therefore
natural to investigate the Zeno-effect dynamics in this
framework. A pronounced example of the informational
evolution, was proposed for a two-state system (qubit),
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coupled to a continuously monitored reservoir under the
condition that no signal is registered there [3, 4]. It was
predicted that the qubit can change its state despite the
null-result measurements. This was confirmed in exper-
iment with a superconducting phase qubit measured via
tunneling [5].
In this paper we study a different arrangement, with
two distant localized states, connected by a common
reservoir under continuous null-result monitoring [6, 7].
Predictions based on the QT approach for this case are
even more dramatic: The system can display the transi-
tion between these two localized states via the reservoir,
although the latter is under continuous null-result mon-
itoring [7]. This result is highly counterintuitive and is
a clear contradiction of the Zeno effect. We therefore
perform here a detailed analysis of these undetectable
transitions, particularly in relation to the QT approach
and the Zeno effect.
Consider two quantum dots coupled to a reservoir,
monitored by an external detector, as shown in Fig. 1(a)
or, equivalently, Fig. 1(b), where the point-contact (PC)
current I increases when the electron tunnels to the reser-
voir. In order to make the two setups fully equivalent, the
PC detector should be placed symmetrically with respect
to the dots. The system is described by Hamiltonian [6, 7]
H =
∑
k=1,2,r
Ek|k〉〈k|+
∑
j,r
[Ωjr|j〉〈r| +H.c.] , (1)
where j = 1, 2 and Ωjr is tunneling coupling of the dot
j with the reservoir. The states in the dots |1(2)〉 are
localized and the reservoir states |r〉 are extended.
By diagonalizing the Hamiltonian (1) we find that all
eigenstates are extended. However, if E1 = E2 and
Ω1r/Ω2r = γ = const [8], there exists one localized eigen-
2E1
E2
Ω1r
Ω2r
E r
E1
E2
  
  


  
  


(a)
(b)
I
V
Quantum
Point Contact
DETECTOR
FIG. 1: (Color online) Two quantum dots coupled to the
reservoir: (a) The reservoir is monitored by a detector and
(b) the quantum dots are monitored by a point contact. The
detector current I increases when the electron leaves the dots.
state of the Hamiltonian: |1′〉 = cosβ |1〉−sinβ |2〉, where
cosβ = 1/
√
1 + γ2. Indeed, H |1′〉 = E1|1′〉. Note that
the orthogonal state |2′〉 = sinβ |1〉 + cosβ |2〉 is not an
eigenstate of H , but decays to the reservoir. Consider an
initial state |Ψ(0)〉 = α1|1′〉 + α2|2′〉. We find that the
probability of finding the electron in each of the dots,
conditioned on no electron in the reservoir, is given by
P¯1(2) = (1 + γ
2)−1. Thus the electron, initially localized
in the upper dot of Fig. 1, can be found in the lower dot
at t → ∞ with non zero probability [9]. This implies a
possibility of the inter-dot electron transitions through
the reservoir, similar to transport through dark state in
quantum optics (see the discussion in [7]).
Let us investigate how continuous monitoring of the
reservoir affects these transitions. Consider again the
electron in the linear superposition of the states |1′(2′)〉.
After a short time τ the wave function becomes
|Ψ(τ)〉 = α1|1
′〉+ α2
[
1− iHτ −H2τ2/2 + · · ·
]
|2′〉 (2)
where we expanded the evolution operator exp(−iHτ)
up to the second order in τ . (From now on we adopt
the units with h¯ = 1.) The null-result measurement in
the reservoir implies that the electron’s wave function
is projected on the two-dot subspace |Ψ(τ)〉 → Qˆ |Ψ(τ)〉,
where Qˆ =
(
|1′〉〈1′|+|2′〉〈2′|
)
/N andN is a normalization
factor. Therefore
|Ψ1〉 = Qˆ |Ψ(τ)〉 =
[
α1|1
′〉+ α2
(
1− Cτ2
)
|2′〉
]
/N1 , (3)
where C = 12
∑
r
(
Ω21r +Ω
2
2r
)
and N21 = 1− 2α
2
2 Cτ
2.
After n subsequent null-result measurements during
time t, with n = t/τ , we find
|Ψn〉 =
[
α1|1
′〉+ α2
(
1− Cτ2
)n
|2′〉
]
/Nn , (4)
where Nn =
√
1− 2nα22C τ
2. Thus, in the limit τ → 0
and for t=const, one obtains
|Ψn〉 → α1|1
′〉+ α2|2
′〉 ≡ |Ψ(0)〉 . (5)
This means that the continuous null-result monitoring
of the reservoir [Fig. 1(a)] or its indirect monitoring
[Fig. 1(b)] reveals the Zeno effect by preventing the elec-
tron’s interdot transitions.
On the other hand, the conditional electron’s dynam-
ics can be studied by the QT method, designed for such
a type of problem. Surprisingly, one arrives at the oppo-
site conclusion [7]: The continuous null-result monitoring
of the reservoir does not prevent the electron’s interdot
transitions. In order to understand the disagreement be-
tween predictions of the QT approach and the Zeno ef-
fect, we present below a detailed quantum-mechanical
analysis of the continuous null-result measurements for
the setup in Fig. 1.
Consider the electron wave function, written as
|Ψ(t)〉 = b1(t)|1〉+ b2(t)|2〉+
∑
r
br(t)|r〉, (6)
where b1,2,r(t) are the probability amplitudes of find-
ing the electron in the dots and reservoir. Substitut-
ing Eq. (6) into the Schro¨dinger equation i∂t|Ψ(t)〉 =
H |Ψ(t)〉 and performing the Laplace transform b˜(ω) =∫∞
0
b(t) exp(iωt)dt, we obtain the following system of al-
gebraic equations for b˜(ω):
(ω − Ej)b˜j(ω)−
∑
r
Ωjr b˜r(ω) = ibj(0) , (7a)
(ω − Er)b˜r(ω)− Ω1rb˜1(ω)− Ω2r b˜2(ω) = 0 , (7b)
where j = 1, 2. (Similar equations can be written for mul-
tilevel systems [10].) The right-hand sides of these equa-
tions reflect the initial conditions, corresponding to the
electron localized in the dots. Substituting b˜r(ω) from
Eq. (7b) into Eq. (7a) and replacing
∑
r →
∫
̺(Er)dEr,
where ̺(Er) is the density of states, we obtain
(ω − Ej)b˜j(ω)−
∑
j′
Fjj′ b˜j(ω) = i bj(0) , (8)
where
Fjj′ (ω) =
∫
ΩjrΩj′r
ω − Er
̺(Er)dEr . (9)
In many calculations the density of reservoir states is
taken to be energy independent (the so-called wideband
limit or Markovian reservoir). Here we consider a finite-
band spectrum by taking ̺(Er) in the Lorentzian form,
̺(Er) = ̺0Λ
2/(E2r + Λ
2) , (10)
3while the coupling amplitudes are energy independent
Ωjr = Ωj . Then we obtain
Fjj′ (ω) =
Λ
√
ΓjΓj′
2(ω + iΛ)
, where Γj = 2πΩ
2
j̺ . (11)
Substituting this result into Eq. (8) and solving this al-
gebraic equation, we find the amplitudes b˜1,2(ω). The
time-dependent amplitudes are obtained via the inverse
Laplace transform, b1,2(t) =
∫∞
−∞
b˜1,2(ω)e
−iωtdω/2π.
Consider, for simplicity, the case of aligned levels E1 =
E2 = E and Γ1 = Γ2 = Γ. We find {b1(t), b2(t)}T =
U(t){b1(0), b2(0)}T , where
U(t) =
1
2
(
a(t) + 1 a(t)− 1
a(t)− 1 a(t) + 1
)
, (12)
and
a(t) =
1
A+ −A−
(A+e
−A
−
t −A−e
−A+t) (13)
with A± = [Λ− iE ±
√
(Λ − iE)2 − 4ΓΛ]/2.
The null-result measurement in the reservoir, quan-
tum mechanically, collapses the entire wave function
onto subset of the dot’s states |Ψ(t)〉 → U(t)|Ψ(0)〉/N ,
where N is a normalization factor. After n such null-
result measurements in the reservoir with the subsequent
time interval τ = t/n, the final state of the system
is {b
(n)
1 (t), b
(n)
2 (t)}
T = Un(τ){b1(0), b2(0)}T /Nn, where
Nn = [|b
(n)
1 (t)|
2 + |b
(n)
2 (t)|
2]1/2 is a normalization of fac-
tor. One easily finds from Eq. (12)
Un(τ) =
1
2
(
an(τ) + 1 an(τ) − 1
an(τ) − 1 an(τ) + 1
)
. (14)
Let us consider the limit of continuous measurement
n → ∞ by taking the frequency of measurements ν =
1/τ → ∞. In the same way we increase the bandwidth
Λ so that the ratio x = Λ/ν remains constant. Now we
demonstrate that the final state becomes a function of
the variable x only. Consider the case of E = cΛ so
that the dot’s level is always inside the band (c < 1) or
outside it (c > 1) with an increase of Λ. Alternatively,
we can set the dots level E = E0 so that it is inside
the band when Λ≫ E0. This essentially corresponds to
the previous case with c = 0. One finds from Eq. (13)
that A+ = κΛ − Γ/κ and A− = Γ/κ [up to the order of
(Γ/Λ)2], where κ = 1− ic. Then
an(τ) =
(
1− Γκ2Λ
1− 2Γκ2Λ
)n
e−
Γt
κ
[
1−
Γ
Λ
κ2 − ΓΛ
e−
(
κ− 2Γ
κΛ
)
x
]n
where n = tν = tΛ/x. Using
(
1 − zn
)n
= e−z
(
1+ z
2n
+···
)
,
one obtains(
1− Γnκ2Λn
1− 2Γnκ2Λn
)n
=
(
1− Γtκ2xn
1− 2Γtκ2xn
)n
= e
Γt
κ2x
(
1+ 3Γ
2κ2Λ
)
. (15)
Neglecting small terms ∼ Γ/Λ in the exponent of
Eq. (15), we arrive at
a¯(t) = an(τ) = exp
(
Γt
κ2x
(1− e−κx)−
Γt
κ
)
. (16)
In the case of E = E0 the result is the same, correspond-
ing to κ = 1. The probability of finding the electron in
the upper dot (Fig. 1), subjected to the null-result mon-
itoring of the reservoir, is
P1(t) =
[a¯(t) + 1]2|b1(0)|2 + [a¯(t)− 1]2|b2(0)|2
2[a2(t) + 1]
. (17)
Equations (16) and (17) represent the evolution of a
quantum system under continuous measurement. They
show an explicit scaling in the x = Λτ variable. It is
remarkable that these equations can display either no
influence of measurement or the Zeno effect, depending
on the value of x. Indeed, in the limit x → ∞ one finds
a¯(t)→ e−(Γ/κ)t. The same is obtained from Eq. (13), pre-
senting the Schro¨dinger evolution without intermediate
measurements. On the other hand, in the limit x → 0,
one finds from Eq. (16) that a¯(t) = 1, so P1(t) = 1,
which corresponds to freezing of the electron in its initial
state. This tells us that the variable x must replace the
measurement time τ for a description of the continuous
measurement.
In Fig. 2 we plot the conditional probability P1(t) of
finding the electron at time t in the initial state, corre-
sponding to the occupied upper dot (Fig. 1). The solid
lines in Figs. 2(a) and 2(c) correspond to Eq. (17) for
b1(0) = 1 and b2(0) = 0 for different values of x. The
dots correspond to numerical evaluations of |b
(n)
1 (t)|
2 us-
ing Eqs. (12)−(14) for Λ = 3Γ and, respectively, τ = x/Λ
and n = t/τ . One finds that simple analytical formu-
las, (16) and (17), derived in the limit Γ/Λ ≪ 1 can
be applied with high accuracy even outside this limit,
when Λ is relatively low. The same excellent agreement
of Eqs. (16) and (17) with the numerical calculation is
obtained for E1 = E2 = Γ. The results that are not pre-
sented here, are almost identical to those shown in Fig.
2(a) for E1 = E2 = 0.
Figure 2(b) shows the results for slightly misaligned
levels E1,2 = ±0.05Γ. Unfortunately, for this case we
did not find any simple analytical expression a¯(t) similar
to Eq. (16). Therefore, instead of solid lines as in Figs.
2(a) and 2(c), we show by dashed lines numerical results,
corresponding to Λ = 20Γ. One can see that these lines
coincide with the dots obtained from numerical calcula-
tions with Λ = 3Γ, which again confirms the scaling in
the x = Λ/ν variable even for non aligned levels. Note a
quite different time dependence of P1(t) in a comparison
with the aligned levels [Fig. 2(a)] for x = 0.2 and 0.02
(strong non-Markovian case). However, for x = 2, the ef-
fect of the levels misalignment in P1(t) is small. This can
be anticipated since with an increase of x we approach
the Markovian limit, where the conditional probabilities
4for the aligned and misaligned dot levels differ very lit-
tle [6]. Thus, for large x Eqs. (16) and (17) can be still
applied for slightly misaligned levels.
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FIG. 2: (Color online) Occupation probability of the upper
dot in Fig. 1, conditioned on the null-result monitoring of the
reservoir for different x and bandwidths Λ: (a) E1 = E2 = 0,
(b) E1 = 0.05Γ and E2 = −0.05Γ, and (c) E1 = E2 = E =
3Λ.
The general behavior of the conditional survival prob-
ability and in particular the scaling in the x variable,
displayed in Fig. 2, is in full agreement with a simple
explanation of the Zeno effect, based on the energy-time
uncertainty relation. Indeed, the probability of transmis-
sion to the reservoir (Fig. 1), is maximal when the dot’s
levels are in resonance with the peak of the density of
states (Er = 0). If the reservoir is monitored with fre-
quency ν [Fig. 1(a)] its energy spectrum is shifted up or
down by ∆E = ν. Equivalently, for the setup, shown in
Fig. 1(b), the energy levels of both dots are simultane-
ously shifted by the same energy ν, whereas the reser-
voir spectrum remains unshifted by the measurements.
As a result, the energy levels of the quantum dots are
off-resonance with the density-of-state peak, so the prob-
ability of the interdot transmission through the reservoir
decreases. In the limit ν →∞, the energy shift becomes
so large that the corresponding density of states is zero.
As a result, the electron remains locked in its initial state.
For Markovian reservoirs, however, the density of
states is constant (Λ → ∞). Therefore, the shift of the
reservoir spectrum [or the dots levels in Fig. 1(b)] by the
measurement is irrelevant for the transition rates. As a
result, we expect no Zeno effect at all [11]. This does
not contradict its derivation [Eqs. (2)-(5)] based on the
assumption that the evolution operator can be expanded
in powers of τ . Indeed, this assumption is not valid for
Markovian reservoirs since the evolution operator is sin-
gular at τ = 0. It appears, for instance, in the divergence
of the coefficient C in (4) for the Markovian case.
We therefore demonstrated that the Zeno effect has
nothing paradoxical in its nature by explaining it through
the energy-time uncertainty relation. Indeed, the large
energy transfer does not necessarily destabilize the sys-
tem due to the short-time measurements. This could
happen only if there exist available reservoir states
with such large energies. Otherwise the system cannot
move since any quantum transitions between states with
largely different energies are strongly suppressed. For in-
stance, it can take place for reservoirs with a finite band-
with [Eq. (10)]. For Markovian reservoirs, however, the
Zeno effect is not expected.
It is quite remarkable that precisely the absence of the
Zeno effect can result in the paradoxical behavior of a
quantum system under continuous measurement. Indeed,
consider again the setup in Fig. 1. Note that the two dots
are connected only through the reservoir [Eq. (1)]. Nev-
ertheless, for the Markovian case (Λ→∞), the electron
can make transitions between the two dots without any
record in the reservoir, even though the latter is contin-
uously monitored. This appears to be a teleportation
phenomenon in its literal meaning, namely, undetectable
matter transfer between two distant places [12]. A similar
phenomenon was discussed earlier for different systems,
but without continuous monitoring [13].
An experimental realization using the PC detector,
shown in Fig. 1(b), looks very promising. This detec-
tor is proven very efficient for single-electron monitoring
[14]. The measurement time can be varied by increasing
the signal ∆I through an increase of the voltage. Al-
ternatively, one can use another measurement device, for
instance, a single electron transistor [15]. In any case, a
simultaneous monitoring of two dots in this type of ex-
periment seems easier than continuous monitoring of the
reservoir.
In conclusion, we have presented a quantum-
mechanical analysis of electron transfer through a non-
Markovian reservoir under continuous null-result moni-
toring. We found that the results differ from predictions
of the QT method, except in the Markovian case. This
suggests that the quantum trajectory method should be
modified for non-Markovian environments by including
explicitly the measurement time. The latter should ap-
pear in combination with the reservoir bandwidth. We
believe that our Eq. (16), which displays the scaling in
the Λ/ν variable and covers the Markovian and non-
Markovian cases at once, could be very useful for a possi-
ble extension of the QT approach to the non-Markovian
case. We also proposed a simple explanation of the Zeno
5effect without explicit use of the projection postulate.
Finally, we discussed the undetectable quantum transfer
through a continuum and its relation to the Zeno effect.
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